OUR LADY OF AFRICA S.S NAMILYANGO (OLAN)
A LEVEL PURE MATHEMATICS SEMINAR SOLUTIONS 2024

NO

ALGEBRA

1(a)(i)

Up =51 —Sn-1
U,=17n—-3n?>—-[17(n—1) — 3(n — 1)?]
=17n—-3n?>—-[17n—-17 —3(n? = 2n+1)]
=17n—-3n? — [17n — 17 — 3n? 4+ 6n — 3]

=17n—-3n*—-17n+17+3n*—-6n+3
=20—6n

(ii)

U, =20—-6(1) =14

U,=20—-6(2)=8
d=U;-U,=14—-8=6

U;=20—-6(3)=2
d,=U,-U;=8-2=6

U,=20-6(4) =—-4

d;=U;—-U,=2—-(—4)=6
Since d; = d, = d; = 6,then the series is an arithmetic progression.

A=A, +A4,+A; ++ A,
A =1,200,000[1.08 + 1.08% + --- + 1.08"]
a=1.08
1.082 _ 108
1.08

4 _ 1,200,000 x 1.08(1.08" — 1)

B 1.08 -1
1,200,000 x 1.08(1.08™ — 1)

1.08-1

r =

> 2,000,000

~n =10 years

(e)(i)

let a = first term,l = last term
a=2,1=1000,s, = 50,100

n
Spn = %(Cl + l)
50,100 = (2 + 1000)

100,200 = n(1002)
n =100

(ii)

a=2,1=1000,n=100
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a+(n—1)d=1
2+99d = 1000

998
13 998
= 812.30303
~ 812m?
2(a) x+3 x+1
>
X — 2 -2
(x+3)(x—2)—(x+1)(x—2)
(x —2)? N
x2+3x—6—(x2—2x+x—2)>
(x —2)? N
x2+x—6—x2+x+2>
(x—2)2 N
2(x—4)
>0, x=2
(x — )2 *
X—2
x <2 x> 2
X —2 — +
2 — +
x—2
x =2
b(i) _(x-Dx—-4) x*-5x+4
B x—75  x-5

x?—5x+4=xy—5y
x2+x(-5—-y)+ (4 +5y)=0
When x is not real, b*> — 4ac < 0
(=5-y)*—4(1)(4 +5y) <0
25+ 10y + y2 — 20y — 16 < 0
y2 —10y +9 <0
-D-9<0

y y<l1 1<y<9 y>9

y—1 - + +
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y—9 - - +

-D -9 + - +

Hence the curve doesnot lie in therange 1 <y <9
wheny=1;x2—6x+9=0
(x—3)2=0;x=3
~ (3,1)is a maximum turning point
wheny =9; x> —14x+49 =0
x=7)V=0x=7

~ (7,9)is a minimum turning point

_x2—5x+4
Y= x—05
x
~—% (;(,7777151+LF
T =)
0
y=x x—75
4
ASs x > oo, T5—>O;y—>x

sy = Xx is an asymptote

x —5=0;x =5 is the other asymptote.
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(iii) intercepts;

4 4
whenx =0,y = —z ,(0,—5)
(x—1)(x—4)
xX—5
x—-1Dx—-—4)=0x=1, x=4

(1,0), (4,0)

wheny = 0; =0

31\

3(a) 2 -2
64x3 +x3 =20
2 1
64x3+—2=20
x3
2
let m = x3
1
64m+—=20
m

64m? +1 =20m
64m? —20m+1=0

_2044/(—20)2 -4 x64x1
m= 2 % 64
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Verify;

(b) Uryr =nC.a™"b"

2
Uyyy = 17C,(32)177 (5)

r

2
Upr = 17C,(3)177 (g) ()17

for coefficeint of x7
17—r=7;r=10
10

2
Uy, = 17C0(3)7 (§> (x)7 = 737583.4074x7

r

for coef ficeint of x®

17—r=8,r=9
9

2
Uyy = 17Co(3)8 (5) (x)® = 4148906.667x8
x? 7375834074 8

x8  4148906.667 45
~x7:x® = 8:45

0 (1+2x)2= (x [1 N %D‘Z = x~2 [1 + %]‘2
2 1> N (=2)(=3) (%)2

1
( +x> +( )(x 2
(1+x)2=x?[1—-2x"1+3x2+--]=x2—-2x3+3x*+ -

(ii) For x =9

_ —2 _ 2 _
Exact value = (1 + x) 1+9) 700

Approximate value = x 2 —2x73 =(9)"2 - 2(9)"3 = -5
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(250~ 729)

%Error = X 100 = 3.9781%

1
100
4(a) 3Z+W =9+ 11i
W —z=-8-2i
(i) + 3(ii)
3Z+W =9+ 11i
(=) —3z+i3w=-24—6i
w+3wi =—-15+5i
w(3i+1) =5i—15
5i—15 (5i—15)(3i—1) —15-5i—45i+15 —50i -
YTEir1 T Gi+DGIi-D 91 T R
fromz=iw+8+2i=i(5i))+8+2i=-5+8+2i=3+2i
~z=3+4+2iandw = 5i
) [V3(cost + isin@)]8 (\/§)8(c059 + ising)® 81 o _
— = — = —(cos8 + isinf)8°
[3cos26 + 3isin26]3 32(cosB + isinB)® 27
= 3(cos8 + isinf)? = 3(cos20 + isin20)
(c) from (1+ 3i)z; =5(1 +1)
5(1+i) 51+i(@-3i) 5[1-3i+i—3i*] 5 , _
Z, = ~— = : — = ——————=—(4-2i) =21
1+3i) @@+30)(A-3i) [1-3i+3i—9i?] 10
ifz=x+1y
|z — 21| = |z]
lx+iy—2-D|=[2-1i
(e +2) +i(y + Dl =2 -
V@ =22+ @+ D2 = J22 + (-1)?
2 2
(Va=27+ o+ D7) = (V22+ (1?2
x?—4x+4+y*+2y+1=5
x2+y2—4x+2y=0
compare with x> + y> + 2gx + 2fy +c =0
29 =—4;,g =—-2
2f=2f=1
centre(2,—1)
radius,r = \/(=2)%2 + 12 — 0 = V5 = 2.2361 units
~ the locus of |z — z,| = |z,|where z and z, are complex numbers is a circle
with centre C(2,—1)and radius r = 2 2361 units
(d)

f(x) =ax*+7x3+x*+bx -3
Factors (x — 1)and (x + 1)
For(x—1);x=1,f(1)=0
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f=a*+7(1)*+)?*+b(1) -3
a+7+1+b—-3=0
a+b=-5.....(0)

For(x+1);x=-1;f(—-1)=0
f(-D)=a(-D*+7(-1D)3+ (-1D?*+b(-1)-3
a—7+1—-b—-3=0
a—b=9.......(0)

Equation (i) + (ii)
a=2, b=-7
f(x) >0, fx)=2x*+7x3+x*—7x—-3
factors,(x —1)and (x + 1)
(x—l)(x+1)—x —1

2 X5 A - — -

,}i’th X+ 7 x %+ x"=7Kx 3

.;z,(‘* AR e
753 I ="9x -
7 -7)( T

. S

fx) = (x — 1)(x + 1)(2x% + 7x + 3)

fO)=x-—Dxx+1Dx+3)2x+1)
x-—Dx+1Dx+3)2x+1)>0

ritical valuesx = 1,x = —1,x = -2 and x = —5
X<—3 _3<x<_1 _1<x<_71 _71<x<1 x>1
x—1 — — — - +
x+1 — — + + +
x+3 — + + + +
2x + 1 — — — + +
f(x) + - + - +

-1
Solution set; x < —3,-1<x < - and x > 1

TRIGONOMETRY

5(a)

tan(@ + 60°) tan(8 — 60°) = (

tanf + tan60° tanf — tan60°
1 — tanBtan60° /) \ 1 + tanBtan60°

_<tan9+\/§><tan9—\/§>
B 1 —+/3tand/ \1 + /3tanb
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tan®6 — 3
1 — 3tan?6

—V/5 < cosx + 2sinx <5
consider cosx + 2 sinx = Rcos(x—)
cosx + 2 sinx = R cos(x—x) = Rcosxcos < +Rsinxsin &
Comparing; Rcos x=1—— — — — — — — (i)
Rsinx=2————————— (i)
(@) + ()
tan «= 2; x=tan"1(2) = 63.43°

R=+5
cosx + 2 sinx = V5cos (x — 63.43°)
Minimum value occurs when cos(x — 63.43%) = —1; V5(—1) = —V/5

Maximum value occurs when cos(x — 63.43%) = 1; V5(1) =5
~ —V5 < cosx + 2sinx <5

(c)

10sinxcosx + 12 cos2x = Rsin(2x + f3)
5(2sinxcosx) + 12cos2x = Rsin(2x + )
R=V52+12Z = 13; § = tan™* () = 67.38°
~ 10sinxcosx + 12 cos2x = 13sin(2x + 67.38%)
maximum value = 13
it occurs whensin(2x + 67.38%) = 1
2x + 67.38° = sin"1(1) = 90°,450°
2x = 22.7°, 382.62°
x = 11.35% 191.31°
minimum value = —13
it occurs whensin(2x + 67.38%) = —1
2x + 67.38° = sin"1(—1) = 270°
2x = 202.62°
x =101.31°

6(a)

4sin®6 3

— ein2
= sin“6
cosecO cosec?0sech
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4sin’0 3 -
cosect T cosec?fsecd sin"0 =0
4sin?*0sind + 3sin’Ocosh — sin*6 = 0
sin?0(4sinf + 3cos8 —1) =0
either sin’0 =0
sind = 0; 8 = sin"1(0) = 0°,180°,360°
Or (4sinf + 3cosf —1) =0
4sinf + 3cosf =1
let 4sinf + 3cosO = Rsin(6 + a)
4sin@ + 3cosO = RsinBcosa + RcosOsina
Comparing; Rcos x=4; Rsin «= 3
tan x= 3. «= tan~! (§> = 36.87°
4 4) T
R=+5
4sinf + 3cosO = 5sin(8 + 36.87°)

But 5sin(8 + 36.87%) =1
1

6 + 36.87° = sin1 <§>
6 + 36.87° = 11.540, 168.4-60, 371.540°
0 = —25.40, 131.590, 334.67°
6 = 131.59°,334.67°

sin2A + cos2A+1 _ tan (45° + A)
sin2A + cos2A—1 tanA

FromR.H.S;
sinA
1+ cosA
0 ( tan45 + tand ) (1 + tanA) 1 SinA
tan(45° + A) _ \1 —tan45tand) _ \1 —tanA) _ ~ cosA
tanA tanA tanA (S iTlA)
coSsA
(1 + SinA) cosA ; i i
B COSA _cosA+sinA  cosA+sinAd (cosA + sind)cosA
T [, _sindy . . sin?A ~ sinAcosA — sin?A  sinAcosA — sin2A
(1 COSA) Sind - sinA — cosA cosA

_ 2(cos?A + sinAcosA) _ cos2A + sin2A + 1

~ 2(sinAcosA — sin?24)  sin2A + cos24 — 1
_ sin2A +cos2A+1 _ tan (45° + A)
" sin2A 4 cos2A—1 tanA
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(i)

sinfBcos26 + sin30cos66

sinfsin20 + sin30sin660
fromL.H.S
sinBcos26 + sin36cos66 _ sinfBcos20 + sin36cos66

1sin05in29 + Sin3915in69 "~ sinfsin26 + sin30sin60
5 (sin36 — sinf) + 5 (sin96 — sin30) sin90 — sind
~ —(c0s96 — cosH)

= cot50

_Tl (cos36 — cosO) — % (cos96 — cos0)
_ 2co0s560sin46 B cos56
-~ —(—2sin50sin40)  sin56

= cot50

_ rein@o0sl  2emCoosl o0
sinf _ sin ) CoS ) _ sin 7 CoS 7 _ CoS ) 6

1 — cosf 1—[1—251'712%] 1_1+25in2% sin

6
From tanE = /3sinf

Iy sin@ B t9
ince T cosd co 2
. 8 1-—cos6O
— —_ —_—
" an 26 sinf
— cos
= +/3sinb
sinf
1 — cos8 = V3sin%6
1 —cos8 = V3(1 — cosb)
1 — cos® =3 —/3cos?0
V3c0s26 — cosf + (1 —V3) =0

1+ \/(—1)2 — 43(1-+3)

cosf =
2 x+/3
Either cosO@ = —0.4226
Or cosf =1

For cos@ = —0.4226
0 = cos1(—0.4226) = 115°
For cosf =1
0 = cos™1(1) = 0°,360°

-0 =0°115°
3(a) X-=-Y xX—y Z
()~ (e (2
2 x+y 2
from LHS;
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But Cos— = Cos > >
Z , +Y X+Y
Sm—-Sm(‘)O—T = os( > )
25in (X ; Y) Cos (X -2|— Y) Sin (X = Y)
—) Cos

() cet (3)
—_— 0 —_] =
Xty 2 25in (%) 0S

-Y
= tan‘l(O 4135)

X—-Y
X—Y =4492° .. .........(D)
X+Y+Z=180°
X+Y+57°=180°
x4+Y =123% oo (D)
() — (i)
—2Y = —78.08°
Y = 39.04°
39.04° + X = 123°
X = 83.96°
Z 5.7

sin57 _ sin39.04°
5.7sin57°

~ 5in39.040
z = 7.5896cm

N ‘

xX—y 7 ZR(SinX—SinY)Cosg ZSm( > Y) Cos (X > Y) Coszi
)COt (E) = =

x+y _ X +Y X—V\_ 7

2R(SmX+SlnY)Sln2 2Si (—2 ) (—2 )Sm—z

Sin(2sin™1x + cos™1x) =1 — x2

From LHS = Sin(2sin™'x + cos™1x)
let A = sin"'x

sinAd = x; cosA =+1— x2

COMPILED BY MR MUGERWA FRED 0778081136/ 0700863565

Page 11 of 48




Let B = cos 'x; CosB = x, SinB =+V1 — x2
sin(2A + B) = sin2AcosB + cos2AsinB
= 2sinAcosAcosB + (1 — 2sin?A)cosB

= 2x%/1—x2 +/1—x2 = 2x%/1 —x2 = /1 — x2
~ Sin(2sin"'x + cos™'x) =1 — x2

(c)

25in(60° — x) =v2cos(135° + x) + 1
2(sin60°cosx — sinxcos60°) = V2(cos135°cosx — sin135%sinx) + 1
V3 1 ~1 1
2 —cosx —=sinx | =2 (— cosx — —SiTlX) +1
(oo gsine) = V2 (Zgeom -

\/§cosx — Sinx = —cosx — sinx + 1

V3cosx + cosx = 1
1
143

x = cox™ ! ( 1 )
1++3
x = —68.539,68.53°,291.47°
-~ x = —68.53° 68.53°

COSX =

8(a)

tou 1 =

—7/7—'-\-
o
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o

270

(—4)%? + b2 =25

w

oo Slny = g

sin(x + y) = sinxcosy + cosxsiny

-7 -4 —24 3 28 -72 —44
= (ZxT)+ (Xt =
25 5 25 5 125 125 125

From a? = b? + c? — 2bccosA

b?% + c? — a?

A=
cos T
2 2 152
A =cos™ 1 [M] =42.17°
217X 10

sin3x + sin7x = sin5x
sin3x + sin7x — sin5x = 0
2sin5xcos2x — sin5x =0

sin5x(2cos2x —1) =0

either sin5x =0

5x = sin”1(0) = 0°,180°,360°,540°,720°900°,1080°, 1260°, 1440°,1620°, 1800°

x =0°936°% 72% 1089, 144°,180°,216°,252°,288°,324° 360°
Or2cos2x—1=0
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5 1
cos x-2

1
2x = cos™! (E) = 60°,300°,420°,660°

x = 30°,150°,210°,330°
x = 09309 36°,72°%108°, 144°,150° 180°,210°, 216°, 252°, 288°, 3247, 330°, 360°

2A+ B =135
B =135-2A4
tanB = tan(135 — 2A)

_ tan135 — tan2A4

" 1—tan135tan24
2tanA

_ —-1- (1 — tanzA)

2tanA
1- (1 — tanZA)
—1 4+ tan?A — 2tanA
1 —tan?A
1 — tan?A — 2tanA
1 — tan?A
tan’A — 2tanA — 1
1 — 2tanA — tan?A

s tanB =

P . 4 4 3
X= —: X=—: X= —
rom tan 3,sm 5,cos c

4sin(6 + a) + 3 cos(6 + a) = 4[sinfcosa + cosBsina] + 3[cosOcosa — sinfsina]

3 4 3 4
4sin(@ +a) +3cos(6 +a) =4 [E sinf + ECOSQ] +3 [E cosf — gsinQ]

9 12

12 16
4sin(0 + a) + 3cos(6 + a) = ?sine + ?0059 + gcose - ?sine

~ 4sin(@ + a) + 3 cos(6 + a) = 5cosO
V300

From 5cos = ——

4
v300
0 = cos~! <T> = —-30°,30°

9(a)

ANALYSIS

Ax? + By? =11 (2,1)
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4A+ B =11 .o oo .. (i)
d , , d
E(Ax + By*) =d—x(11)
dy
2Ax+23ya= 0

dy
nt (2,1)and — =6
point (2,1)an 0y

4A+12B =0
44 = —12B ... ... (ii)
(id)into (i)
—12B+ B =11
—-11B=11;B =-1
44 = —12(~1)
A=3
~A=3,B=1

let one side be x and the other 3x

perimeter P = 2(x + 3x) = 8x;x = g

p\2 3P?
Area,A=lxw=x><3x=3x2=3(§) =T
dA 6P
dP 64

AP
but 7 = 2%; AP = 0.02P
) - AA
Required is e
dA 6P 0.12P%
But AA ~ (E).AP = 22X 0.02P = =

AA  0.12P? NIV o
A 64  3p2 -

(c)

T.S.A = (2x X 3x) + 2(2xh) + 2(3xh)
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200 = 6x2 + 4xh + 6xh

200 = 6x2% 4+ 10xh

200—6x 20 3
h=——=——-xcm

10x x 5

20 3 20 3
V=l><w><h=2x><3x><<———x>=6x2(———x)
X 5 X 5

18
V =120x — ?xz

dv 54
— =120 — —x?

dx 5
av
For maximum Volume; Ix =0

54
120 ——x%2 =0

5
V30
3

X =

V30
Length = ZT cm; Width = V30 cm, height = 9.859cm

10(a) COSX
y =

x2

yx? = cosx

d
x? d_ic] + 2xy = —sinx

d? d d
xzd—£+2xd—i}+2xd—z+2y = —cosx

d*y dy
2 7 Qo — 2y = —
X dx2 + xdx + 2y VX

d*y dy
2= 4+ 4x—+2 2 =
X dx2+ xdx+ y+ yx 0

2

d*y dy
22 4 ax—=+ (2 +x2)y =
xdx2+ xdx+( +x°)y=0

(b) X ]
x =3+ 4cosa; — = —4sina
da
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y =5 — 8sina; é = —8cosa

dy dy da —8cosa

dx da dx  —asina 2cota

dy
From — = 2cota
dx

d(dy)—d(Zt)—Z , da
T \Gx) = g (2cota) = —2cosecta—

—2cosec’a 1 R
=— = _cosecia
—4sina 2

x=t*—t

ot g LEVCDEDCD)

2(1)
Eithert =—1ort =2
y=3t+4
3t+4=10;t =2
st=2
x=t2—t'%=2t—1
" dt

dy
y=3t+4;a=3
dy_dydt_ 3 _ 3 _,
dx dt'dx 2t—1 22)-1
y—10
x—2

y—10=x—-2

Equation; 1 =

y=x+8

Lety = cosx
y + Ay = cos(x + Ax)
Let x = 45° and Ax = —0.4°
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1 2

Yy = coS >~
_ dy
y = COSX, dx = Sinx

d 21 1 2nm
Ayz<dz>xAx—( sinx) X —0.4°% = (=sin45°) X ——=—.—

900 _ 2 900
\/—27'[
27900
(450 — 0.49) = V2 \/—Zn_x/7<1+2n> \/E<900+2n)
cos ~ 2 " 72900 2 900/~ 2 U 900
11.(a) 10 5 99
log x2d =2(50— )
fl rlogxTax 4In10
letu = logx? = 08X _ 1, o 2,
etu =logx® = 1 0 = 10 ™ = Into ™
10 2 10
logx?dx = —— | xinxd
J:l X ng X lnlO ) xinxax
Letu = Ilnx; du = ;dx
dv . _x2
dx_x'v_ 2
Zjlold— l <1, ) 1fd
Inio ), *TX 110 L B 110 "xzxx

2 le N2 [(1er, 10 1)
mio\2 " 4)| “mio|\'z " 4 (4

2 1100 99 99
—[—lnlO—— =2(50— )

~ ol 2 4 4In10
x3+9x2+28x+28_x3+9x2+28x+28
(x + 3)2 B x2+6x+9
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Lt s

K+ Tt ragx 128
g JEAE R L
S F s .
eIl AT

. 22 ol
x3 +9x% +28x + 28 _ L34 x+1
(x + 3)2 = (x+3)2
x+1 A B

+3)2 x+3 (x+3)7?
x+1=Ax+3)+B
whenx = —-3; —2=B;B = -2
whenx =0;1=34A+B; 1=34A—-2;A=1

x+1 1 . —2
(x+3)2 x+3 (x+ 3)2
x3+9x2+28x+28_( 3+ 1 2
(x + 3)2 = x+3 (x+3)2
f1x3+9x2+28x+28 —1(10+l 4)
) (x + 3)2 XT3 "3
f1x3+9x2+28x+28d _fl et 3) 4+ 1 2 p
. (x + 3)2 =L x+3 x+3)2z)

=fol(x+3)dx+.[01(%)dx—jol((xf—3)2>dx

_x2+3 +1In(x + 3) 2(_1 T 1+3+l4+2) l3+2>
T TeorT i x+3>0_<2 Ty (" 3

1 2 2 10 4 1 4
=§+3+Z—§+ln4—ln3=?+ln§=§(10)+ln§
1x3 +9x2 4+ 28x + 28 1 4
fo (x +3)2 v =3(10+m3)

(c)(i)

j In (;) dx = f(an — Inx)dx = (In2)x — f Inxdx
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du 1
flnxdx;letu =lnx; — =—;
dx x

r—\&|9~
Xl

Jlnxdx = xlnx —jx.;dx

jlnxdx =xlnx —x+c

2
f In (;) dx =(In2)x —xlnx +x + ¢

xcosx)?dx = | x?cos®x dx
( )Zd 2 2 d
1
from cos?x = 5 (cos2x + 1)
1 1 1
szcoszx dx = E,[ x2(cos2x + 1)dx = Ef x2cos2xdx + E_[ x2dx

For f x%cos2xdx

" x? X 1
] x“cos2xdx = 751n2x + Ecost ——sin2x +c¢

jz 2xdx = X sinzx + X cosax — Ssin2x + o+
x-cos~xax = 4 SinzZx 4-COS X 8SlTl X 3 Cc

(i)

X
—dx
f\/l—Bx
Letu=+vV1—3x; u®>=1-3x;

-2
2udu = —3dx; dx = ?udu
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(1—u) 2 2
[FEEPIC = REDE

e u3+
“o \"73)7"¢

g AR Al

12(a)

P =8000[1 — sin(2rt — 3)]
P = 8000 — 8000sin(2mt — 3)

i —8000 X 2mcos(2mt — 3) = —1600mcos(2mt — 3)

dP

At maximum;, — =0
dt

= —1600mcos(2nt —3) =0
cos(2nt—3) =0
2t — 3 = cos™1(0)

omt—3 ==
T _2

T
27‘[t=5+3;27'[t_ (

%)+ 20

. 7T+6_T[
4w 4m
3

t=(3+57)
“\2727)°
T+ 6
P=8000[1—sin(2nt—3)]=8000[1—sin<2nx - —3)]
T+ 6
P=8000[1—Sin< > —3)]

= 8000 [1 ~ sin (%)] — 8000(1 — 1) = ONm~2

6
4
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12 (b)

1| A N ——

L T oE -'i‘.- L
|/ 2 i

A% = = "
| - Iz & % =

Limits are the points of intersection

e =(3)
Sinx = 5

S5m

"6

Element of area, AA = (y, — y;)Ax
51

red A= 6 . 1 dx = X 5?”
Required area, —fz (smx—§> X = —cosx—z]%

_ (—cos (5?”) - (i—:)) _ <—Cos (%) _ (%)) — 0.68495q units

(c)

4‘7‘}

%

-
Y= 2a%x and y=x>

el

—

—

5v32 5V32
V= nj 32x — (x3)%dx = nf (32x — x®)dx
0 0

= !16x2 - x_z]wﬁ = [(16(5@)2 - (5—\/3_2)2> - (0)]

7
0
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128 448 — 128 3207
=1 (64 — —) =7 ( ) = cubic units

7 7 7
(d) Let f(x) = (x + Dsin™1(x); f(0) =0
1
"xX)=(x+1 +sin”1(x); f'(0) =1
fl(x) =( )\/x—-l-l (x); f'(0)
1
V1—x2—(1+x) [—x(l — xz)T]
() = 1= %2 ; f1(0) =1
IO IIO
£ = o) +x 2 LD
o x2(1)
(x+ Dsin™'(x) =0+ x(1) + T
52
(x + Dsin™'(x) = x ot
13(a) dy
24 _ 2 2
X Tx x“+xy+y
dy dy du
27 — 2 2. = . _—= T
X% x2+xy+vy4  y=ux; I u+xdx
du
x2<u+x—>=x2+ux2+u2x2
dx
du
2 4 3% _ 2.2
ux® + x T A+u+u)x
du
u+x—=1+u+u?
dx
du_1+ 5
X = u
f du _jld
1+u? J x x
tan"u =lnx + ¢
1 (YN _
tan (x)—lnx+c
(b) dy 5
CANY 2
dx €
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e?Ydy = dx

fezydyzfdx

ey
=x+c¢ y=0,x=5

2
22(0)

2

5_—9
2

=(0)+c c=
ey
2
ey 9 23

x=7+§= 2 +§=206.2144

N|©O N~

= X —

(1+x)d—y=x + xe*
dx y

dy X
dx (1+x)y = xe?
IL.LF = ef (1+x)dx = ef(—1+1ﬁ—x)dx = pl=x+In(1+x)]

1+x
ex

b (G = ()=
jd[<1+x] fxu+xmx

1+x
j(x+x2)dx

= e~ X pIn(1+x) —

y

x% x3
1+x)=e* (4=
y(1+x)=e <2+3>+c
1=1(0)+c ¢c=0

_ e*[3x* + 2x°]
y= 1+x

Let h be the depth of the opening below the surface of the liquid at
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any time t.

let h, be the initial depth of the opening below the surface of the

liquid when the tank is full

dh
— x+Vh
dt

dh
dt

1
Jh_idh = —fkdt

2Vh = =kt + ¢

—kvh

When t=o0, h=hy 2\hg=c
2vh = —kt + 2,/h,
Whent =1,h = hy — 20;
2\/hg — 20 = =k + 2\/h,
—k = 2/hy — 20 — 2,/h,

2vh = 2t(Jho — 20 — \Jho) + 2[Ry

Whent = 2,h = hy—20—19 = hy — 39
2\/ho — 39 = 4(\Jhy — 20 — \/hy) + 2\/hy
(Vho—39)" = (2/hg =20 - \/Ro)’

ho — 39 = 4(hy — 20) — 44/ (hy)? — 20h, + hy

4\/(h0)2 - 20h0 = 4‘h0 - 4‘1
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(4J(h0)2 — 20ho)2 = (4hy — 41)?

16(hy)? — 320hy = 16(hy)? — 328h, + 1681
8h, = 1681

hy = 210.125cm

14(a)(i
)

VECTORS
A(3,0,72).

P’) (7(’; 9, 1) ,

2 1
Fromr = ( 4 >+/1<2>
-1 2

1
direction vector d = (2)
2

“BQ2+44+21—-1+21)
!
AB=<4+2/1>

1422
AB.d =0

A—-1 1
(4+22).(2) -0
1+ 22 2

A—1+8+41+2+41=0
91=-9; 1=-1
B(1,2,-3)

_ -2
AB=(2
-1
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|E| = /(=22 + 22 + (—1)2 = 3 units

Required equation;r = a + ad + ,Bﬁ

()G ()

Area of a parallelogram = |a X b|

i j ok
axb=|1 2 -1|=3i—j+k
01 1

lax b| =32 + (—=1)2 + 12 = V11 = 3.3166

~ Area of a parallelogram = 3.3166 sq units

—

Etr"‘l'??)

S~/

?’\ \\\ '—’f = ( i) +A é_'?}
Aﬁ?i \CG f2, 4-A, ~L«):>
AB.AC =0

-6
O

40—2+43-1—-6+21=0
5A=5 1=1
Cl2+2(1),4 — (1), =2 + (1)]
C(4,3,-1)

COMPILED BY MR MUGERWA FRED 0778081136/ 0700863565 Page 27 of 48




15(a)

— = 9—-= —"Z————’q’
7_(,_5_3. = =
=0
Cid2) 2 —23+ TZ —'0

x—3 3-y z—4
5 -2 3
where;x =3+ 54, y =3+ 24, z=4+4+ 31
from;2x —3y+7z—10=0
23+540)—-333+21)+7(4+34)—-10=0
6+101—-—9—-64+28+211—-10=0

254 = —15

A_—3
5

=1

From

-3
From;x=3+5/1=3+5<?>=0

-3 9
y=3+21=3+2<?>=§
-3 11
z=4+31=4+3<?>=?
. o 9 11
~ The point is (0’§’F>
(b)(i)
()
" - " L2 =31 = =

4 -2 3
n= (1);d = ( a ) and a known point a = (—1)
2 1 2
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For perpendicular vectors;n.d = 0

4 -2
1).| a |=0
2 1
—-8+a+2=0

a==6

rn=na

-0

dx+y+2z=12+1-4
dx+y+2z—9=0

(c)

M (4,72 2)

M

4 (3)
> :
M(H;)\)z-ﬁ\)gm() T <é>+)\<}>

|
L 4 1+ 34 3+ 31
IR = (_3>_<_5H) _ (—5+/1>
10 3+ 21 7+ 21
But; MN.d =0
3+ 31 3
(_5”).(_1):0
7+ 21 2

9+94+5-1+14+41=0
124 = —-28

e

1=

wl g
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16(a)

w
+
w
~/
—— — ~——

=
[l
/—lx
(&)
+
VS
W W| W] 3
\__/

2

(=5

8

_ —8 35\°
|[MN| = \/102 + (?) +< ) = 15.5956 units

Cartesian Equation;r.n = n.a

X i j k
Wherer=(y>;n= 2 1 5
z 1 -1 -2

E)-E)E

3x—y+3z=-3+0+3
3x—y+3z=0

1 2 1
Plane ,L,;r = (0) + A (1) +u (—1)
1 5

-2

=—3i—j+3k;a=<

)

1

(iii)

n..n,

In,||n,]|

3 3
2 3

In,| = /32 + (—4)% + 22 =29
In,| = /32 + (-1)2 + 32 =V19

6 = cos™ !

19
6 =cos~! [—] = 35.96°
V29 X119

9

3x —4y +2z=5
3x—y+3z=0

letz=u
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3x—4y =5-—2u
(=) 3x—y =3u

—3y=5—-5u
-5 5
y=—3t3zH
5 5u
3e=3u-(3)+ 5
14 5
SX=FH3
-5 14
x=7+?u
-5 14
x 9 9
(y)= —5|+ul 5
7 \3) |3
0 1
5
=[5
—5 | +u| 5 |
3 3
0 1
Mid point of LM; A(3,3,3)

Mid point of MN; B(6,6,1)

3
Direction Vector; AB = ( 3 )
-2

3 3 6 3
Equation of the line;r = (3) +A< 3 >orr = (6) +/1< 3 >
3 -2 1 -2
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(c)

A Cl35) acd 8(Co-4, 0>

7 ﬁlA C,I3IS)A_ , V _:, ‘
SRR I C“,a
,;' . L if",'/ i)

B T7 Bl ' e(a, '+l LF ) — _W*‘
Plane is perpendicular to AB
1+2 3—4 5+4>_<3 -1 9)
2 72 2 ) \272"2

So the position vector of any point x(x,y, z)that lies on the plane must

Mid point of AB = (

satisfy the equation;

(ox —0c).AB =0

0261

3
XT3
°l /1
y+= .(—7>=0
21 \1
9
273
3 7.9 ¢
XTT YT T ATy
7 L_o
X=Ty—z-5=
2x— 14y —-2z=1
ALTERNATIVELY

let the parametric point be X(x,y, z) on the plane which is equidistant

from the points A and B.
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Distance between A(1,3,5)and X(x,y, z)

|AX| = (x —1)2+ (y — 3)> + (z — 5)2
Distance between B(2,—4,4)and X(x,y, z)

IBX| = /(x —2)2+ (y + 4)2 + (z — 4)?
Since |AX| = |BX|

VE—1D2+ G -32+z-52=yx -2+ +4? + (z — 4)?
x2—2x+14+y*Fy+9+22—-10z+ 25
=x?—4x+4+y*+8y+16+22—-8z+16
—2x—6y—10z+35=—4x+8y —8z+ 36
2x —4y—2z=1

17(a)
A C;l =273

d = A2

— -{
_—

—

Iv_))CS‘*'Z//\, 2 4 )\, 1~ 37\)

L 1 54 21 —4 — 22
Directionvector AB=|-2]|—| 2+ |=| —4—-2
3 1+ 34 2—2A4

But AB.d =0

—4 =21\ /2
(<=2 ) (1)
2—124 3

—8—41—4—-214+6—-61=0
—111 =6

_ -6

11

|

(1)

A
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() (o

38
11 kn) 11\ %,
34
11
<2> A<32>
r=11 38
3/ 1\_34

>
oy
Il
|

N
+
|

Displacement of A(—2,0,6)from the plane 2x —y + 3z = 21;
2(=2)) - (@) +3() _ -7

V22 + 12 4 32 V14
Displacement of B(3,—4,5)from the plane 2x —y + 3z = 21;
2B - (=1 +36G) _ 4

V22 4+ 12 + 32 e

Since S, and S, have dif ferent signs, hence A and B lie on the opposite sides

1=

52:

of the plane

(c)

‘v/ C‘,O) ‘\

L
1

L i k
n=ABXAC =0 —1 0 ]|=-2i—2k

2 1 =2

rn=na
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Al

leta=2i—j+k
b=i-3j—5k
c=3i—4j — 4k

We are required to show that ¢ = Aa + ub

()=+(3) ()

3=21+yu; 2+ pu=3 i e . (D)
—4=—-21-3u;, A+3u=4.........(~ii)
—4=1-5u A-5u=—4........(iii0)

Solve (i)and (ii)for A and u and check whether they satisfy eqn (iii)
2A+u=3
(=2) A+3u=4

—Su=-5 pu=1
A=4-3(1)=1
FromA—5u = -4
LHS =A-5u=1-5(1)=-4
RHS = —4

Since A = 1,u = 1 satisfy eqn(iii)then the vectors a, b, c are coplanar

i
/5((_‘\’-’3:5> A £ r g(i, 0,2)
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OR = 0A+ AR

A
r=a+-——AB
A+u

A
= —— (0B —0A
r a+/1_|_u( )

—(M>+/1b
U VI L gy
4

7= () (=3)+ () (o)

5 2

-6(2)- 6
Bl

3
= The position vector of point Risr = (—2)
4

18(a) COORDINATE GEOMETRY
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X—=3y—4=0...ccceoee.... (i)

YV+3x—2=0.. ... (i)
Solving (i) and (ii) simultaneously;
3(ii) + (i)
10x =10
x=1

Substituting x = 1 into (ii)
3 +y=2 y=-1
Point of intersection is (1,—1)
-3 -3 4

Fr0m4y+3x=0;y=Tx; m1=T, m, =

W]

4
Fromy = mx + c; (—1)=<§>(1)+c; c=?

4 7

+t1=2=0

Distance from P to A

d=|AP| =/ (x—3)?+ (y — 0)?
Distance of P from the line
1(x) +0(y)+3
V12 + 02

Since d = D; also d?* = D?

(x—3)+(y—0)?=(x+3)

x?2—6x+9+y =x*+6x+9
y? =12x

_x+3

1 =x+3

Is a parabola with vertex at (0,0) focus at (3,0)and directrix x = —3
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(c)

16 -Gl
va? + b?
Wherea =3,b =4,C; =10,C, = —15

|-15 — 10| 25 25 ,
= = = 5 units

T V3E+# V25 5

y-x=1]

At point A4;
4y +3x =7 e i iee e (D)
2y —x =1 i s v v e (D)
Eqn(i) + Eqn(ii)
10y =10;y =1
Substituting for y into Eqn(ii)
x=2-1=1
Hence A(1,1)
At Point B;
y+2x =8.......... (iii)

Eqn(iii) + Eqn(iv)
5y =10;y =2
Substituting for y into Eqn (iv)
x=4—-1=3
Hence B(3,2)
At point C:
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y+2x=8.......(v)

4y +3x =7 ... ... (vi)
3Eqn(v) — 2Eqn(vi)
-5y =10;y = -2

Substituting for y into Eqn (v)
2x=8+4+2=10;x =5
Hence C(5,—-2)

Finding the dimensions;
AC=(5-1)2+(-2-1)2=5
AB=,(3-12+(12-1)2=+5

AC =(5-3)2+(-2-2)2=+20=2V5
Finding angle ABC;

From4y +3x=7

3 N 7 -3
YETE Ty Ty
From2y—x =1
1 N 1 1
y=orTy Ty
1_-3
_ -1 2 4 _ 0
Angle ABC = tan — T 3 | = 63.45
1+(3%)
1 1
Area of ABC = EAB.ACsinG =3 (\/E)(S).sin63.45° = 5sq units
19(a) — __eilna)
—7/7<\ o
e Dgeshe BC
/ // L
F AN
2 (‘hi‘)/’/\hﬁ\

—m;g‘zk oD
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1+7 -2+6
2 72
6——2 8

AB = -
Grad 7+1 8

Grad of perpendicular bisector of AB = —1

— 2
Equation of perpendicular bisector of AB; —1 = ZTAL

Mid point of AB = ( ) = (4,2)

=1

y—2=—-—x+4
.'.y: —x-|—6
S 7+9 642
Mid point of BC = (T'T) = (8,4)
6—2

4
GradBC=7T9=_—2=—2

1
Grad of perpendicular bisector BC = >

y—4
x—8

Equation of perpendicular bisector BC; 5=

2y—8=x—8
2y —x=0

~ The point of intersection ( circumcentre) = (4,2)

(i)

Since the point of intersection of the two bisectors is the circumcentre
of the triangle. And the circumcentre of the triangle is the centre
of the circle.
g=4f=2
Using x?> + y2 + 2gx + 2fy + ¢ = 0;
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r=yg*+fi-c
Butr =+/(7—4)2+ (6 — 2)2 =V9 + 16 = 5 units
s- @ i2i—c
25=16+4—c;c =-5
x2+y2+8x+4y—-5=0

The two cicles are said to be orthogonal when the tangents at their points

of intersection are at 90°

x2+y2—2ax+c?=0

x? —2ax +y% = —c?

(x—a)*+(y—0)2%=—-c?+a?
Centre(a,0), r¢2=—c?2+a?or r* =a*—-c?
For ,x*>+y?—2by—c?*=0
x? +vy% —2by = c?

(x —0)2+ (y — b)> — 2by = c* + b?
Centre (0,b), R? = c? + b?

Butd? = (a— 0)2+ (0 — b)? = a? + b?
For othogonal circles,d? = r? + R?

d? = a? + b? = (a? — c?) + (c? + b?)

a’ + b? = a* + b?

Therefore, the circles x* + y* —2ax + c¢? = 0and x> + y> —2by —c? =0

are orthogonal.
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(€

(S\q“)

Xk y T By =0
Fromx®*+y* —4x—6y+6=0
29 =—4;,9=-2
2f = —6;f = =3
c=9
Centre(2,3)
d, =\/(5—2)2+(7—3)2=m=5unit5

r=yg?+f2—c=+22432-9=vV4+9—9 = 2units

D= [d*—7?=+/5%2-22=1/25—4=+21= 45826 units

20(a)

y2—=2y—8x—-17=0
y? —2y =8x+17

(y—1)% =12 = 8x + 17
(y—1)>=8x+ 18

9
(y—1)?%2=8 (x + Z) compare with (y — k)? = 4a(x — h)

verex(~2,1)
ertex "

-9 -1
Focus;4a =8;a =2, F [(T-I_ 2, 1)];F (T'l)

Directri 9 2_—25
irectrix; x = — =2
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——dpbs—'\_“

{
& V ;»‘D(‘-‘A.‘_) > e LS S

QAlag*, 2
\é L. Aay )
~

\'5‘ = oo

0—2ap 2ap—2aq
a — ap? N ap? — aq?

Gradientof the chord =
—2p 2
1-p* p+gq
—2p® — 2pq = 2 — 2p?

—2pq = 2;pq = —1
) 1 y—2ap 1
Gradient of the tangent atP = —; ——— = —
p x—ap p
Equation of the tangent at Pispy —x —ap? =0
Similarly the equation of the tangent at Qis qy —x —aq*? =0
At T,py —x — ap® = qy — x — aq?
y=a(p+q)
substitute for y in the equation of the tangent at P
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pla + @)] —ap® = x
X =apq;butpqg =—-1;x = —a

~T(—a,a(p + q))

(c)

/()(y“’”) Y -5 S
\ECQ.[ (@] ‘
\—_
Q(?:I \9)>
y? =8x....... (i)

4a =8;a = 2;5(2,0)

Let Q(x,y) be the other end of the focal chord
2

Substitute in; y;% = 8xy; x; = %
2
V1
-'-Q(?:}ﬁ)
__ 0-2 -4
Gradient of SP = — ==
2__ 3
2
. — -0 V1
Gradient of sQ = =
f0=y T T
8 8
V1 =_4
»n_, 3
3 2
2
3y, =2 48

8
6y; = —y1° + 16
y.2+6y,—16=0
01 —2)(1+8)=0
y1=2,y,=-8

COMPILED BY MR MUGERWA FRED 0778081136/ 0700863565

Page 44 of 48



(—8)?
n=-8x=—Fp—=8 P(8-8)
(d) Equation of the line;y = mc +c ... ... ... (i)
Equation of the parabola; y? = 4ax ... ... ... (ii)

Solving these two equations simulteneously, substitute for y into eqn(ii);
(mc + ¢)? = 4ax
m?x? + 2mx + c? = 4ax
m?x?+ 2m—4a)x+c*>=0
The line is a tangent when b? = 4ac
4(mc — 2a)? = 4m?c?

m2c? — 4amc + 4a? = m?c?

a
mc=a, m=-—
c

21(a)

x—1
4

. . y—2
Fromy = 2 + 3sin@; sinf = —3

x —1\° —2\?
( 2 ) +<yT) = c0s%6 + sin?6

() (5 -

Which is an ellipse.

Fromx =1+ 4cos0; cosO =

The centre is at (1,2)

And the lengths of semi —axesarea =4and b =3

%2 yz
F r— 4+ —=1
rom; 25+16

2x 2ydy

25T Teax 0
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dy —1léx
dx 25y

AtP(5cos6, 4sinb);

dy —16(5cos8) —4cost

Gradient of the normal at (5cos8,4sin@) is

y —4sinf  5sinf

x — 5cosf - 4cos0

dx 25 (4sinf)  5sind

5sin6
4cosO

4ycosf — 16sinfcosf = 5xsinf — 25sinfcosO

4ycosf = 5xsinf — 9sinfcosbO

At A;y = 0; 0 = 5xsinf — 9sinfcos6

=2 s8; 4(2cos0,0)
x—scos, 5cos,

AtB;x =0

-9 -9
4ycosf = —9sinfcosl ; y = Tsin@; B <O,Tsin9 )

9 -9
Mid point of the line AB is B <— cose,?sine )

(c)(i)

10
dx
Fromx=2t; — =2
dt
F _2.dy 2
MY = A T T

dy dy dt 21 -1
dx dt dx  t2°2 t?

2
YT
Gradient =
x — 2t
, 1
But gradient = 2
2
Y—T _ 1
x—2t  t2

COMPILED BY MR MUGERWA FRED 0778081136/ 0700863565

Page 46 of 48




t’y+x—4t=10

t’y+x—4t=0

1 4 _ 1
y = —t—zx +?;gradlent =—z
Fory+4x = 0;y = —4x; gradient = —4
But parallel lines have equal gradient;

—i=—4- t? =1andt=+1

t2 ’ 4 2

Substituting for t=12

1 4
y=- X+——;y=—-4x+38

5 @

1
Substituting fort = >

1 4
y=- X+———;y=—4x—28

= 2

(i)

2
By the nature of the parametric points in the form <2t, ?)

this is a rectangular hyperbola

1
Substituting fort = +

> the points become (1,4) and (—1,—4)

\<
1,4)
A

xX WV

y-4x+8

\y—4x-8

The distance between two tangents = perpendicular distance between them

ax, + by, +c

V& 1 b2

Using d =
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Usingy=—-4x+8,y+4x—-8=0;a=4,b=1,c =-8
Substituting for (x,y) = (—1,—4)
g 4(-1)+1(-4)—-8| 16

= = 3.8806 units
V12 4+ 42 V17

END
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